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ABSTRACT 

A knowledge of t h e  roughness  of  t h e  l u n a r  t e r r a i n  i s  
e s s e n t i a l  t o  t h e  d e s i g n  of the  Lunar Rover Veh ic l e  ( L R V ) .  The 
power s p e c t r a l  d e n s i t y  f u n c t i o n s  (PSD' s )  of t h e  t e r r a i n  e l e v a -  
t i o n s  o b t a i n e d  from Lunar O r b i t e r  photographs by t h e  United 
S t a t e s  Geo log ica l  Survey (USGS) c o v e r s  on ly  a frequency range  
of less than  1 c y c l e  p e r  meter. S i n c e  t h e  LRV d e s i g n  requires 
a PSD having  a f requency  coverage up t o  t h e  order of  15  c y c l e s  
p e r  meter, a s t r a i g h t  l i n e  e x t r a p o l a t i o n  i n  l o g a r i t h m i c  scale 
from t h e  l o w  f requency  r ange  was adopted  i n  t h e  p r e s e n t  LRV 
d e s i g n .  

I n  t h i s  memorandum, t h e  PSD ' s  f o r  l u n a r  t e r r a i n  
L 

e l e v a t i o n s  are computed, based d i r e c t l y  on t h e  cumula t ive  d i s -  
t r i b u t i o n s  of  craters and p a r t i c l e s  o b t a i n e d  from Apollo 
l u n a r  s u r f a c e  photographs .  Poisson p r o c e s s e s  w e r e  c o n s i d e r e d  
f o r  the p r o b a b i l i t y  of  occurrence.  a long  any l i n e a r  p a t h ,  it 
w a s  concluded t h a t  t h e  PSD's so d e r i v e d  conform reasonab ly  
w e l l  w i t h  t h e  P S D ' s  d e r i v e d  by  USGS, and t h e  h igh  f requency  
p o r t i o n s  do a g r e e  w i t h  t h e  e x t r a p o l a t i o n s  used i n  t h e  LRV 
des ign .  

\ 

S i n c e  PSD f u n c t i o n s  r e p r e s e n t  s t a t i s t i c a l  i n f o r m a t i o n  
o b t a i n e d  from numerous samples ,  o t h e r  s t a t i s t i c a l  c o n c l u s i o n s  
can be drawn d i r e c t l y  from t h e  f u n c t i o n s  w i t h  no need t o  go 
through e i ther  a c t u a l  o r  s imula t ed  samples .  One example i s  
p r e s e n t e d  i n  t h e  Appendix where t h e  expec ted  d i s t a n c e  fo r  
having  a f i x e d  chanqe i n  e l e v a t i o n  i s  c a l c u l a t e d .  
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I. INTRODUCTION 

Design g u i d e l i n e s  f o r  t h e  Lunar Rover V e h i c l e  (LRV) 
p r o v i d e  power s p e c t r a l  d e n s i t y  f u n c t i o n s  ( P S D ' s )  t o  r e p r e s e n t  
roughness  o f  l u n a r  t e r r a i n  e l e v a t i o n s .  These PSD ' s  are based 
on data provided  by t h e  United States Geologica l  Survey ( U S G S ) ,  
which on ly  cove r s  a f requency  range  o f  less t h a n  1 c y c l e  p e r  
meter (see F igure  8 ) .  However, the LRV d e s i g n  r e q u i r e s  a 
f requency  coverage of up t o  t h e  order o f  1 5  c y c l e s  p e r  meter. 
Thus t h e  t echn ique  used t o  develop  t h e  Design Gu ide l ines  w a s  
f i rs t  t o  make a s t r a i g h t  l i n e  approximation of t h e  PSD's pro-  
v ided  by U S G S ,  and t h e n  e x t r a p o l a t e  from t h e  l o w  f requency  
range  t o  t h e  h i g h e r  f requency  range .  

Whether such a t echn ique  p r o v i d e s  a r e a s o n a b l e  PSD 
for  t h e  LRV d e s i g n  i s  t h e  p r i m a r y - q u e s t i o n  t o  be addres sed  by 
t h i s  memorandum. From Reference (11, w e  have s e p a r a t e  cumula- 
t i v e  d i s t r i b u t i o n  curves  of c r a t e r s  and rocks f o r  c e r t a i n  
specif ic  l u n a r  s u r f a c e  a r e a s .  T h e  d i s t r i b u t i o n  c u r v e s  are 
approximated by s t r a i g h t  l i n e  l o g a r i t h m i c  p l o t s  as shown i n  
F i g u r e s  1 and 6 ,  and may be formula ted  by Equat ions  (11-1) and 
(111-1). 

o b t a i n e d  f r o m  Surveyor  and Apollo o b s e r v a t i o n s ,  t h e  d i s t r i b u t i o n  
curves obtained f r o m  Apollo 11 photographs  are chosen f e r  
numer i ca l  comparison. I n  t h e  f o l l o w i n g ,  PSD f u n c t i o n s  w i l l  be  
fo rmula t ed  d i r e c t l y ,  and then  compared t o  t h e  s t r a i g h t  l i n e  
e x t r a p o l a t e d  P S D  f u n c t i o n s  used i n  t h e  LRV d e s i g n .  

A s  a t y p i c a l  r e p r e s e n t a t i o n  o f  d i s t r i b u t i o n  cu rves  

11. PSD FOR LUNAR TERRAIN ELEVATIONS BY CRATER COUNT 

A s t r a i g h t  l i n e  approximation cumula t ive  d i s t r i b u t i o n  
o f  v a r i o u s  s i z e  craters as g iven  i n  F igu re  1 can be  e x p r e s s e d  as 

N = C S-" I (11-1) 
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where C and m are c o n s t a n t s  , 

N i s  t h e  cumula t ive  number o f  craters having  s i z e  e q u a l  
o r  g r e a t e r  t han  " S "  i n  an area "AC 'I , 

S i s  t h e  c r a t e r  d iameter .  

The expec ted  number of  craters ,  n ,  among s i z e  " S  t o  S+dS" p e r  
u n i t  area i s :  

( 1 1 - 2 )  

I n  o r d e r  t o  e x p r e s s  t h e  e l e v a t i o n  e f f e c t s  caused by 
c r a t e r s ,  a mathemat ica l  f u n c t i o n  f o r  d e s c r i b i n g  t h e  shape of  
craters i s  needed. P h y s i c a l l y ,  a l u n a r  c r a t e r  may be cons ide red  
as a curved bowl e n c i r c l e d  by an e j ec t a  r i n g .  By o b s e r v a t i o n ,  
t h e  dep th  o f  a crater  i s  roughly p r o p o r t i o n a l  t o  i t s  d i a m e t e r ,  
and a r a t i o  o f  one t o  s i x  w a s  assumed. A f t e r  t r y i n g  v a r i o u s  
f u i i c t i o n s ,  a model as shown i n  F i g u r e  2 was ;td=pted. Th i s  ~ o d e l  
has  an advantage  ove r  o t h e r s  i n  t h a t  i t  c l o s e l y  a2proximates  t h e  
shape  of r ea l  craters ,  and can be expres sed  by a s inx /x  f u n c t i o n  
as q iven  by Equat ion  (11-3), where x i s  less t h a n  S .  

I-,- 
FIGURE2 - TYPICAL CRATER PROFILE 
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A t  a g iven  l o c a t i o n  on t h e  l u n a r  s u r f a c e ,  i f  a c ra te r  of s i z e  
' IS" i s  t o  o c c u r  a t  a d i s t a n c e  'Ix" away, ( i n s i d e  t h e  shaded area 
of  F igu re  3 ) ,  t h e  e f f e c t  on t h e  s u r f a c e  e l e v a t i o n  i s  

CRATER PARAMETER 
OF INFLUENCE TO 
ELEVATIONS 

A LOCATION 

FIGURE 3- ELEVATION EFFECT OF A CRATER 

2Trx S i n  - ( i f  0 < x < s), S2 h ( x , S )  = - - 
C 12Trx S 

(11-3) 

= o  ( i f  x 3. S). 

Thus t h e  mean s q u a r e  of t h e  e l e v a t i o n  a t  t h e  g iven  l o c a t i o n ,  c c ,  2 
i s :  
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are t h e  smallest and t h e  largest  d i a m e t e r  where Smin and 'max 
o f  craters under c o n s i d e r a t i o n .  S ince  

w e  have t h e  mean s q u a r e  o f  e l e v a t i o n ,  u 2,  as fo l lows :  C 

2 0 . 0 2 1 4 4  Cm 4-m - 4-ml 
C rAC ( 4 -m) ['max 'min u =  (11-6) 

I f  w e  r e g a r d  t h e  s t a t i s t i c a l  p r o p e r t i e s  of t h e  s i z e  d i s t r i b u t i o n  
as g iven  by Equat ion (11-1) t o  be t r u e  anywhere OF a s i z a b l e  l u n a r  
s u r f a c e  area, w e  have a s t a t i o n a r y  random p r o c e s s .  The expec ted  
number of craters i n  a l l  s i z e s  p e r  u n i t  d i s t a n c e  a l o n g  a l i n e a r  
p a t h  i s  

'max 
- C -m 

nl  =[q ('min (11-7) 

Furthermore,  i f  w e  assume t h e  p r o b a b i l i t y  of occur rence  of  craters 
a l o n g  t h e  p a t h  fo l lows  a Poisson p r o c e s s ,  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  
of t h e  l u n a r  t e r r a i n  e l e v a t i o n  h a s  t h e  approximate f o r m  

- 2 e - n ' ~  
I - O C  

(11-8) 

where T i s  t h e  d i s t a n c e  between any t w o  l o c a t i o n s .  Thus t h e  
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corresponding PSD of terrain elevations, Q c ( f )  , is 

(11-9) 

where f is the frequency in cycles per unit distance. 

In Figure 1, f o r  the Apollo 11 case, we have 

9 C = 1 x 10 , m = 2 . 8 5  . 

Thus the cumulative distribution of craters in an area 
2 

= (meter) is 

N =  ( 1 x 1 0 ) s  - 2 * 8 5  ( 1 1 ~ ~ ~  in meters) . 

By choosing the range of crater size for consideration as 

= 1000 meter, 'max = 1 meter, 'min 
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we have t h e  mean square of e l e v a t i o n  f r o m  E q u a t i o n  ( 1 1 - 6 )  

1 4 - 2 . 8 5  9 
2 - 0 . 0 2 1 4 4  x 10 x 2 . 8 5  f ( l o o o )  4 - 2 - 8 5  - (1.) ( 5 -  

IT x 1 0 l 2  x (4  - 2 . 8 5 )  

2 = 4 . 8 0 4  x (meter) 

2 
= 0 . 5 3 2 7  ( f t )  I 

and t h e  mean occurrence per  u n i t  d i s t ance  by E q u a t i o n  (11 -7 )  

= 3 . 1 6  x 

- 3  = 9 .5  x 10 

(Craters Meter 1 

(Craters 
F t .  1 -  

Thus t h e  au tocorre la t ion  func t ion  and the power spectrai  d e n s i t y  
f u n c t i o n  are obtained as  

- 0 . 0 0 9 5 ~  R C ( ~ )  = 0 . 5 3 2 7  e 1 

2 1 . 1 2 2  x 10 
Q C ( f )  = 21 

1 f 

1.513 x 
1 +  ( 
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FIGURE 4 - PSD OF LUNAR TERRAIN ELEVATION BY CRATER COUNT 
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where T i s  i n  u n i t s  of  ' ' feet" ,  and f i s  i n  u n i t s  of  ' ' cyc l e s  p e r  
f o o t " .  The O C ( f )  i s  p l o t t e d  i n  double  l o g r i t h m i c  scale i n  
F igu re  4 ;  t h e  p o r t i o n  drawn i n  s o l i d  l i n e  i s  t h e  recommended 
range  o f  a p p l i c a t i o n .  

111. PSD FOR LUNAR TERRAIN ELEVATIONS BY PARTICLE COUNT 

S i m i l a r l y ,  i f  w e  are g iven  t h e  cumulat ive d i s t r i b u t i o n  
o f  r o c k s  d e p o s i t e d  on t h e  l u n a r  s u r f a c e ,  t h e  PSD f o r  l u n a r  t e r r a i n  
e l e v a t i o n s  can be  ob ta ined  by assuming t h a t :  

A. The l u n a r  t e r r a i n  e l e v a t i o n s  i s  a s t a t i o n a r y  random p r o c e s s  
a l o n g  any l i n e a r  p a t h .  

B. The r o c k s  ( p a r t i c l e s )  do n o t  o v e r l a p  one a n o t h e r .  

C.  From Reference ( 2 ) ,  a mean "degree  o f  b u r i a l "  of 0 . 6 5  i s  
assumed. S i n c e  t h e r e  i s  n o  t y p i c a l  shape  f o r  r o c k s  t h e  
model of a s i n g l e  rock as shown i n  F igu re  5 i s  used.  

I 1 - Z  q = 1 - 0.65 = 0.35 

F!C;URE 5 - TYPiCAi ROCK MODEL 

D. The p r o b a b i l i t y  of occurrence  of r o c k s  a long  a l i n e a r  p a t h  
f o l l o w s  a Poisson  p r o c e s s .  
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The cumula t ive  d i s t r i b u t i o n  of v a r i o u s  s i z e  rocks  as 
de termined  from Survevor  miss ions  and A ~ o l l o  11 are s i v e n  i n  
F igu re  6 .  These d i s t r i b u t i o n s  can be approximated by 

K = BZ-' , (111-1) 

where 'IB" and "rll are c o n s t a n t s ,  and "K" i s  t h e  number of r o c k s  
having  a s i z e  e q u a l  t o  o r  g r e a t e r  t h a n  " Z "  i n  an area "A 'I. Thus 
t h e  expec ted  number of rocks i n  s i z e  Z % Z + dZ p e r  u n i t  d i s t a n c e  
a l o n g  a l i n e a r  p a t h  i s  

P 

r+l i j 2  - - 
2 dl7 Z B r  

P 
= uo . ( 1 1 1 - 2 )  

The expec ted  number of r o c k s  i n  a11 sizes p e r  u n i t  d i s t a n c e  i s  

The mean squa re  of t e r r a i n  e l e v a t i o n  i s  

(111-3) 

7-r - 7 - r  
2 1 / 2  - 

- - 2% 7 - r  (Br) A ['max. - 'min. * I  
2 

P 
( 1 1 1 - 4 )  
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The autocorrelation function and the PSD are obtained as . 
before, and defined by Equations (11-8) and (11-9): 

2 -k'T 
R (T) = o e 

P P 
(111-5) 

(111-6) 

In Figure 6, if Apollo 11 is considered as the typical 
case, we have a cumulative distribution of rocks over an area 

. -  
ilD = I O ~  (meterl2 as 

- 2 . 3 7  K = 0.1 Z 

where Z is in meters. 

By choosing the range of rock size for consideration as 

= 0.02 meter, 'min 

= 1. meter, 'max 
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w e  have by Equat ions  (111-3) and (111-41, 

1 - Rocks - 3*26 (meter 

Rocks 
= 0.978 ( Ft. 1 ;  

_. .^ 7-2.37 7-2.37 

1 (1) - (0.02) 2 l  2 l/Z 2 - 2(0.35)L 0.1x2.37 
( 100 

- 
7-2.37 U 

P 

- 3  2 
= 2.57 x 10 ( m e t e r )  

-2 2 = 2.96 x 10 ( f t . )  I and 

-0.978r R (T) = (2.96 X e 
P 

where 'I i s  i n  u n i t  of " fee t" .  

Thus tne PSD i s  computed as shown i n  F i g u r e  7 :  

6.06 x lo-* 
2 (f) = I 

P 
+ (0.156 

the p o r t i o n  drawn i n  s o l i d  l i n e  i s  t h e  recommended r ange  of 
a p p l i c a t i o n .  
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I V .  SUMMARY, CONCLUSIONS AND RECOMMENDATIONS 

Based on s e p a r a t e  cumulat ive d i s t r i b u t i o n s  o f  t h e  
occur rence  o f  craters  and rocks on t h e  l u n a r  s u r f a c e ,  (see 
F i g u r e s  1 and 6), corresponding  PSD f u n c t i o n s  have been 
formula ted .  Numerical r e s u l t s  are  shown i n  F i g u r e s  4 and 
7 ,  b o t h  u s i n g  d a t a  from Apollo 11. The r e s u l t s  are a l so  
p l o t t e d  i n  F igu re  8 t o g e t h e r  w i th  t h e  smooth mare PSD's  pro-  
v ided  by U S G S ,  t o  i n d i c a t e  t h e  c o m p a t i b i l i t y  o f  t h e  PSD 
f u n c t i o n s .  

A s  w e  know, f o r  a l a r g e  scale l u n a r  area,  craters 
dominate t h e  scene .  On t h e  c o n t r a r y ,  f o r  a s m a l l  scale 
l u n a r  area, w e  see on ly  rocks .  S i n c e  s m a l l  c ra ters  are 
numerous, t h e  o v e r l a p p i n g  and s c a t t e r i n g  o f  ejected material  
w i l l  cause  m o s t  o f  them t o  l o s e  t h e i r  i d e n t i t y  and t h e  
sma l l e s t  t o  become comple te ly  e roded .  Thus t h e  l o w  f r e -  
quency p o r t i o n  ( i . e . ,  l a r g e  sca le )  of  t h e  PSD i s  dominated 
by t h e  effects o f  c ra te rs ,  and t h e  h igh  f requency  p o r t i o n  
i s  dominated by t h e  e f f e c t s  of rocks .  

For a p p l i c a t i o n s  t o  t h e  LRV, t h e  fo l lowing  
recommendations are made : 

A. 

B. 

Whether a l u n a r  area is  cons ide red  as l a r g e  o r  s m a l l  
scale a c t u a l l y  depends on t h e  in t ended  a p p l i c a t i o n s .  
S i n c e  t h e  wheel s i z e  of t h e  LRV i s  r e l a t i v e l y  small, 
t h e  PSD formula ted  from rocks i s  m o s t  a p p l i c a b l e .  
Note t h a t  t h e  PSD ob ta ined  from rocks  has  more power 
t h a n  t h e  one o b t a i n e d  from craters (see F igure  8 )  i f  
w e  ex tend  t h e  s t r a i g h t  l i n e  p o r t i o n  t o  cove r  bo th  t h e  
low and h i g h  f r e q u e n c i e s .  

A s  shown i n  F i g u r e  8 ,  t h e  P S D ' s  p rovided  by USGS do 
n o t  have f r e q u e n c i e s  g r e a t e r  t h a n  1 c y c l e  p e r  m e t e r .  
A s t r a i g h t  l i n e  e x t r a p o l a t i o n  i n  l o g a r i t h m i c  scale 
t o  t h e  h i g h e r  f requency  range w a s  assumed f o r  t h e  
LRV des ign .  I n  F igu re  8 ,  t h e  formula ted  P S D ' s  show 
a siiiiiiar l inear b e h a v i o r ,  thus l i n e a r  e x t r a p o l a t i o n  
i s  a c c e p t a b l e .  
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10. 

FIGURE 8 - COMPARISON OF PSD RESULTS 
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C. 

D. 

For a manned LRV, t h e  craters and rocks g r e a t e r  t h a n  a 
c e r t a i n  s i z e  can be avoided.  Such e f f e c t s  are e q u i v a l e n t  
t o  t r u n c a t i n g  t h e  cumulat ive d i s t r i b u t i o n  c u r v e s  o f  rocks 
and craters t o  a p a r t i c u l a r  s i z e ,  and u s i n g  t h e  t r u n c a t e d  
c u r v e s  f o r  computing PSD. 

PSD p r o v i d e s  u s e f u l  s t a t i s t i c a l  i n f o r m a t i o n  from which 
other i n f o r m a t i o n  can be  o b t a i n e d  ma themat i ca l ly ;  t he  
Appendix r e p r e s e n t s  one example o f  a d i r ec t  a p p l i c a t i o n  
of PSD. Using t h e  d e r i v e d  PSD as shown i n  F igu re  7 ,  t h e  
expec ted  d i s t a n c e  for  having a change i n  l u n a r  t e r r a i n  
e l e v a t i o n ,  e i t h e r  one f o o t  d rop  o r  one f o o t  r ise,  has been 
computed t o  be 1 0 4  f t .  Note t h a t  such r e s u l t s  a l r e a d y  
r e p r e s e n t  t h e  s t a t i s t i c a l  c o n c l u s i o n s  f r o m  numerous samples ,  
w i t h  no s i m u l a t i o n  o f  samples needed. 

2031-SNH-jf S. N. Hou 
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APPENDIX 

THE MEAN DISTANCE FOR HAVING A ONE FOOT CHANGE IN ELEVATION 

Suppose that the elevation h(x) of the lunar terrain 
along a linear path is a stationary random process having a 
Gaussian Distribution and zero mean, where x is the distance. 
This implies that the joint probability density function of h ( x )  

and h' (XI = dx take the following form ( 3 ) .  . 

where 

J - 0 3  

= / f2@(f)dw , 'h' 
J - 0 3  

@ (f) = PSD of the random process h (x). 

This also implies that h(x) and h'(x) are uncorrelated. Thus 
the expected nuder cf tirtles that the elevation h!x! exceed a 
level "h(x) = a" per unit distance with positive slope is 

N, = Lrn h'p(a,h')dh' . 

(A-3 1 

(A-4 1 
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S u b s t i t u t i n g  Equat ion  (A-1) t o  (A-3) i n t o  (A-4) and d e n o t i n g  

w e  have 

2 

2 '  
h 

'h' 

(3 

- 1 
To - fg I 

N = - e x p  1 ( -  -$) a To 

For a d i s t a n c e  x ,  t h e  t o t a l  number of t i m e s  t h a t  h ( x )  w i l l  
exceed t h e  l e v e l  "a" i s  

Nax - - - X exp i -  4) . 
T O  2ah  

( A - 5 )  

(A-6 )  

(A-7 1 

( A - 8 )  

Thus t h e  expec ted  d i s t a n c e  t h a t  h ( x )  exceeds  t h e  level ''a'' o n l y  
one t i m e  i s  

x a = T 0 ex.($) . (A- 9 

This  a l so  i m p l i e s  t h a t  t h e  p r o b a b i l i t y  t h a t  h ( x )  w i l l  exceed t h e  
l e v e l  "a" i n  a u n i t  d i s t a n c e  is  
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1 -  1 
a 

g(a) = - - X (A-10) 

N o t e  t h a t  Equa t ions  (A-7 ) , and  (A-10) are s i m i l a r ,  w e  can o n l y  
app ly  Equat ion  ( A - 1 0 )  when Na i s  less t h a n  u n i t y .  S i n c e  h ( x )  
i s  a Gaussian p r o c e s s ,  t h e  occur rence  of  h ( x )  t h a t  w i l l  exceed  
a l eve l  h ( x )  = al and t h e  occur rence  o f  h ( x )  t h a t  w i l l  exceed  
a n o t h e r  l eve l  h ( x )  = a2 are independent  e v e n t s ,  t h e  p r o b a b i l i t y  
f o r  s u c c e s s i v e  occur rences  o f  t h e s e  two e v e n t s  i s  

- 

- -  - l e  

TO 
2 

1 
2 

h 2a 

[a12+a2 2 I 

N o w ,  u s i n g  u n i t s  of  f e e t  and s e t t i n g  

a l = a  , a 2 = a - 1 ,  

(A-11 ) 

t h e  f requency  of occur rence  for e i the r  a one-foot-drop o r  a 
o n e - f o o t - r i s e  is 
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1 

2 G = -  
2 

TO 

[a2 + 2 (a-1)  1 

d a  

ToL. JO 

1 
2 1 (a - 

1 
4 h 2  

-- 
- - -  2 e  

TO 
2 

L - 
2 

da 'h 

r )  

J-L 
2 

dx 

I 

? 

(A-12 ) 

S i n c e  t h e  e r r o r  f u n c t i o n  i s  d e f i n e d  as 

by changing t h e  i n t e g r a t i o n  v a r i a b l e  "x" i n  Equat ion  ( A - 1 2 )  t o  
' I t "  and l e t t i n g  

X t = - ,  
'h 

(A- 14) 
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w e  o b t a i n  

1 -q 2 

G = ( * e  ) u i -- 1 
d t  f 

2a 

Thus t h e  expec ted  d i s t a n c e  be fo re  having  a p l u s  o r  minus one foot  
change i n  e l e v a t i o n  i s ,  

1 

(A-16) 

x =  

L 
2 4Gh 

To e 
a 6 [ 1  + Erf ( - ) ]  1 

20h 

(A-17) 
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Now, u s i n g  t h e  PSD i n  F igu re  7, which w a s  o b t a i n e d  from Apollo 11 
d a t a ,  i f  t h e  f requency  r ange  we are i n t e r e s t e d  i n  i s  

) and u s i n g  on ly  t h e  s t r a i g h t  l i n e  p o r t i o n  o f  c y c l e s  0.01 Q 4.0 ( ft .  
@ ( f ) ,  which i s  

-3 f - 2  @ ( f )  = 1.475 x 10 I 

w e  have 

2 1.475 x f - 2  d f  = 1.471 x 10-I (ft  , 2 
‘h 

= 0.384 ( f t )  = 4.61 ( i n )  , ‘h 

2 2 f @ ( f ) d f  = 5.88 x ( c y c l e s )  , 2 

J o . 0 1  

2 2 
2 - ‘h’ 

2 
c y c l e  - 0.04 ( f t  1 ,  f o  - - -  

‘h 

c y c l e  
f o  = 0 . 2  (- 1 ,  f t  



. 
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Thus t h e  expec ted  d i s t a n c e  
e l e v a t i o n  i s  

for having  a one  f o o t  change 

1 
2 4 x 0 . 1 4 7 1  

- - ( 5 )  e x =  
0.384 x 4, x [ l  + E r f ( *  o .384  1 1  

104 

in 

f t .  
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